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Abstract

In this paper, we use and compare robust mean-variance frameworks to study the opportunities presented
to US investors by global stocks and indices between 1988 and 2010. We argue that there are four routes US
investors can use to capitalize on the advantages of international diversification. The first route is to invest
in foreign economies indirectly, that is, by investing in US multinational corporations with a large presence
abroad. The second method is to invest directly in foreign economies by purchasing Exchange Traded
Funds (ETFs) which are listed on the New York Stock Exchange (NYSE)-Amex and replicate foreign stock
indices. The third, is to invest in foreign company stocks listed on US stock markets as American Depositary
Receipts (ADRs) or as regular stocks on the NYSE-Amex and Nasdaq. The fourth, is to buy the stocks of
foreign firms included in Fortune Magazine’s Global 500 list that trade on stock markets abroad. Each year
we compare the performance of the Markowitz tangency and Global Minimum Variance portfolios to the
performance of three broad market and global indices (SP500, Global 300, NYSE International 100 Index).
We show that over the period of our study, foreign stocks and ETFs, in conjunction with some US stocks,
enable investors to improve the risk-return performance of their portfolios.

Keywords: International portfolio diversification, robustness, home-bias

1. Introduction

A recent survey reported in Bloomberg-Business Week (December 28, 2009 and January 4, 2010, p. 58)
shows that 40% of Americans expect to diversify by exposing their portfolios more to international stocks;
53% do not intend to change the mix of US and international stocks; 7% intend to invest more in US-based
stocks. In this paper, we use and compare robust mean-variance frameworks to study the opportunities
presented to US investors by global stocks and indices between 1988 and 2010.

We argue that there are four routes US investors can use to capitalize on the advantages of international
diversification1. The first route is to invest in foreign economies indirectly, that is, by investing in US
multinational corporations with a large presence abroad. The second method is to invest directly in foreign
economies by purchasing Exchange Traded Funds (ETFs) which are listed on the New York Stock Exchange
(NYSE)-Amex and replicate foreign stock indices. The third is to invest in foreign company stocks listed on
US stock markets as American Depositary Receipts (ADRs) or as regular stocks on the NYSE-Amex and
Nasdaq. The fourth is to buy the stocks of foreign firms included in Fortune Magazine’s Global 500 list
that trade on stock markets abroad. Each year we compare the performance of the Markowitz tangency and
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Global Minimum Variance portfolios to the performance of three broad market and global indices (SP500,
Global 300, NYSE International 100 Index).

We show that over the period of our study (1988-2010), foreign stocks and ETFs, in conjunction with
some US stocks, enable investors to improve the risk-return performance of their portfolios.

2. Literature Review

Ang and Bekaert (2002) examine the “home bias” puzzle in international investing (their investment
opportunity set is composed of the US, UK and German equity markets as well as cash) by studying the
asymmetric behaviour of correlations between international equity returns (see also Hartmann et al. (2004)
and Longin and Solnik (1995)). Equity returns correlations often rise during bear markets when the benefits
of diversification are most needed and fall during bull markets when they are needed less, thus harming
the case for international diversification. These authors show that regardless of volatility regime switching
in US, UK and German equity markets, international diversification offers benefits. The case of regime
switching in return correlations is weaker than that for volatility but international diversification still offers
benefits over domestic focus.

Coval and Moskowitz (1999) show that US investment managers not only prefer investing in US head-
quartered firms, but also prefer picking stocks of locally-headquartered firms (see also Karlsson and Nordén
(2007); Lewis (1999); Sercu and Vanpee (2007) survey the literature on home bias; Strong and Xu (2003)
use survey data of fund managers to explain home bias in portfolios; Tesar and Werner (1995) present data
on international portfolio investments in five OECD countries). They argue that this choice is driven by
asymmetric information where local investors have better information than nonlocal investors. Their find-
ings apply particularly to firms with small capitalisations, high debt-equity ratios and producing goods that
are mostly consumed locally.

Santis and Gerard (1997) use a conditional CAPM to investigate the benefits of international diversifi-
cation for US investors between January 1970 and December 1994. They show that even though market
drops resulting from increased integration of financial markets around the world, are contagious, interna-
tional portfolio diversification, nevertheless, consistently adds an average of 2.11 percent per year to the
returns of a US investor.

The effectiveness of international diversification depends on the levels of correlation between various coun-
tries’ equity returns. Unfortunately, correlations between equity returns rise during recessions when diversi-
fication is most needed, and fall during growth periods when diversification is less needed. Erb et al. (1994)
find that correlations are low, and hence provide the most diversification benefits, when two countries’ busi-
ness cycles are out of sync. Karolyi and Stulz (1996) also find that correlations and covariances of returns
for US and Japanese stocks trading in the US are high when markets are highly volatile at a time when
the benefits of diversification are most needed. Erb et al. (1994)’s paper presents and tests a technique for
forecasting multi period equity correlations that recognises that the distributions of equity returns are not
symmetric and differ between up and down markets.

Graham et al. (2009) use survey data to study the tendency of investors to invest in their home mar-
ket rather than more widely and internationally - home bias – when investors feel competent in picking
investments. Graham et al. (2009) find that investors’ perceived competence is an important explanatory
variable for the home bias puzzle: more competent investors are more likely to invest in overseas companies.
Our paper contributes to the “home bias” literature from a different angle. We use a wide sample of US and
international stocks listed on US and foreign stock markets to calculate the optimal composition of tangency
and global minimum variance portfolios to learn about the extent of optimal international diversification
for the period 1988-2010. In other words, we study empirically whether or not US investors are justified in
investing close to home or widely, regardless of their psychological makeup.
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Table 1: U.S. Holdings of Foreign Stocks as a percentage of Total U.S. equity holdings

U.S. Holdings of Foreign Stocks as a percentage of Total U.S. equity holdings.
Country 2002 2003 2004 2005 2006 2007 2008 2009

Total Foreign Stock holdings 11.13% 12.64% 13.52% 16.08% 17.79% 20.52% 17.41% 19.45%
Europea 6.34% 6.90% 7.16% 7.82% 9.00% 10.05% 8.74% 9.24%
United Kingdom 2.42% 2.59% 2.44% 2.64% 2.83% 2.87% 2.49% 2.85%
Switzerland 0.74% 0.80% 0.87% 0.99% 1.26% 1.10% 1.36% 1.32%
France 0.64% 0.72% 0.73% 0.93% 1.08% 1.36% 1.34% 1.32%
Germany 0.44% 0.63% 0.65% 0.77% 0.91% 1.29% 1.01% 0.97%
Netherlands 0.73% 0.70% 0.72% 0.64% 0.66% 0.60% 0.49% 0.53%
Spain 0.23% 0.27% 0.33% 0.31% 0.35% 0.42% 0.40% 0.45%
Italy 0.24% 0.24% 0.30% 0.31% 0.38% 0.38% 0.30% 0.30%
Sweden 0.27% 0.21% 0.18% 0.22% 0.23% 0.22% 0.19% 0.23%
Belgium and Luxembourg 0.09% 0.10% 0.14% 0.15% 0.18% 0.28% 0.20% 0.22%
Canada 0.69% 0.91% 0.95% 1.20% 1.22% 1.48% 1.14% 1.41%
Caribbean financial centersa 1.12% 1.10% 1.36% 1.60% 1.72% 2.30% 1.79% 1.91%
Bermuda 0.27% 0.28% 0.37% 0.50% 0.66% 1.00% 0.91% 0.95%
Cayman Islands 0.72% 0.65% 0.81% 0.84% 0.79% 0.91% 0.60% 0.65%

Latin Americab 0.40% 0.49% 0.56% 0.75% 0.85% 1.15% 0.87% 1.45%
Brazil 0.12% 0.19% 0.23% 0.33% 0.38% 0.67% 0.46% 0.91%
Mexico 0.19% 0.17% 0.20% 0.28% 0.35% 0.33% 0.29% 0.36%
Asiaa 2.17% 2.76% 2.99% 4.12% 4.31% 4.67% 4.18% 4.51%
Japan 1.25% 1.55% 1.74% 2.39% 2.23% 2.07% 2.20% 1.82%
Hong Kong 0.27% 0.30% 0.35% 0.53% 0.47% 0.47% 0.39% 0.52%
Chinac 0.18% 0.22% 0.19% 0.22% 0.35% 0.37% 0.34% 0.41%
Korea, South 0.04% 0.08% 0.06% 0.13% 0.30% 0.51% 0.29% 0.41%
Taiwanc 0.07% 0.16% 0.18% 0.28% 0.30% 0.32% 0.26% 0.38%
Africaa 0.09% 0.11% 0.15% 0.19% 0.20% 0.26% 0.23% 0.26%
South Africa 0.08% 0.09% 0.11% 0.15% 0.16% 0.19% 0.19% 0.23%
Other countriesa 0.32% 0.37% 0.35% 0.40% 0.47% 0.62% 0.47% 0.67%
Australia 0.29% 0.34% 0.30% 0.34% 0.42% 0.54% 0.41% 0.59%

Defined as (U.S. Holdings of Foreign Stocks in USD)/(U.S. Total Equity Holdings in USD)×100. All holdings are
as of December 31 in each corresponding year. Excludes mutual fund shares. Source: (i) Board of Governors of
the Federal Reserve System, Federal Reserve Statistical Release, Z.1, Flow of Funds Accounts of the United
States; http://www.federalreserve.gov/releases/z1/20100311; (ii) U.S. Bureau of Economic Analysis, Survey
of Current Business, July 2010 and previous editions, http://www.bea.gov/international/index.htm.

(a) Includes other countries not shown separately.
(b)Excluding Caribbean financial centers.
(c)With the establishment of diplomatic relations with China on January 1, 1979, the U.S. government recognized

the People’s Republic of China as the sole legal government of China and acknowledged the Chinese position that
there is only one China and that Taiwan is part of China.

Financial markets have seen significant changes since 1988, the start period of our analysis. They have be-
come more integrated, transaction costs associated with international investment have reduced significantly
and transparency for most of the markets have increased. (American) Investors now feel more comfortable
investing in foreign enterprises as can be seen from Table 1. While the financial markets have undoubtedly
become more integrated, the potential benefits of international diversification have lost none of their at-
tractions. There are less-than-perfect correlations between national economies which would (theoretically)
contribute to lowering the overall portfolio risk.

Firms used in our study are all listed on American stock exchanges (NYSE-Amex and NASDAQ) as stocks
or American Depositary Receipts (ADRs) and ETFs. Some firms listed in the Fortune Global 500 are listed
in non-US stock markets2. The use of US Dollar-denominated returns allows us to avoid the issue of fluctu-
ating exchange rates, as well as non-synchronous trading for foreign stocks also traded in their home market
(for example, US and Japanese markets are never open at the same time). Karolyi and Stulz (1996) use a
similar approach to study the co-variability of daily returns between US and Japanese stocks. Lewis (1999)

2To avoid adjustments for currency gains or losses when measuring risk and expected returns of securities listed on foreign
exchanges in foreign currencies and to simplify the analysis we omit such securities in this version of the paper.
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Figure 1: Time line.

At some discrete time ti investor uses data period of length L1 immediately prior to estimate the portfolio holding weights for
the period of time L2 immediately after. We use L1 = 250 days for the length of estimation window and L2 = 125 days for
the length of each holding period in our estimations. This roughly corresponds to using a past year historical data to make a
buy-and-hold portfolio strategy for the next half a year (until the next rebalancing date).

in her survey reports on a similar methodology (see Figure 1, p. 573). Errunza et al. (1999) report on the
benefits of internationally diversified portfolios constructed from domestic multinational firms, ADRs and
closed-end funds.

3. Data

Our data consists of daily closing prices (adjusted for splits and dividends) for 4402 NYSE/AMEX and
NASDAQ equities. In addition, we obtain 327 ADRs and 110 country wide ETFs, and 3 global and domestic
benchmarks3, covering in total 44 countries for the period from 1988 to 2010 with histories for each of the
securities running back as far as data permits. Securities with i) prices equal to zero 4; ii) no trades for
longer then two consecutive trading days; and iii) sample size of less then 250 trading days withing the
estimation window were excluded from our analysis. A three month US T-bill rates were used as a risk free
proxy. Data were obtained from Datastream, Thomson-Reuters’ financial statistical database.

4. Methodology

Suppose an investor has to choose a portfolio comprised of K risky assets. The investor’s choice is embodied
in an K-vector w = (w1, w2, . . . , wK)′ of weights, where each weight i represents the percentage of the i-th
asset held in the portfolio, and

∑K
i=1 wi = 1. Suppose the assets’ returns r = (r1, r2, . . . , rK)′ have expected

returns µ = (µ1, µ2, . . . , µK)′ and an K ×K covariance matrix Σ. Under these assumptions, the return of
a portfolio with weights w = (w1, w2, . . . , wK)′ is a random variable rp = w′µ with expected return and
variance given by:

µp = w′µ (1)
σ2
p = w′Σw (2)

3S&P500, Global 300, NYSE International 100 Index
4Some securities trade at very low prices, $0.01 to $0.20 per share. Due to limitations in Datastream data reporting, all

prices are reported and rounded to the second decimal. Such aggregation results in artificially volatile estimates of standard
deviations for these securities. Even though the number of such securities is relatively small, in our next version of the paper
we plan to remove these instruments completely from our analysis.
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Figure 2: Efficient frontier.

The figure represents efficient portfolio frontier using minimum volume ellipsoid (MVE) estimation method to compute the
location and scatter of the data. Lowest edge of the 3D plane above represent global minimum variance portfolios. Tangency
portfolios are traced by red dots on the plane.

Following Markowitz (1952), the investor’s problem is a constrained minimization problem in the sense that
the investor must seek

min
w

w′Σw (3)

subject to the constraints

µ0 = w′µ (4)
w′1 = 1 (5)

w ≥ 0 (6)
w ≤ 0.1 (7)

where 1 = [1, 1, . . . , 1] and µ0 is the desired or target portfolio return. We impose short sale, (5)-(6), and
maximum weight, (7), constraints in order to follow the common practice in commercial applications.5

A common critique is that Markowitz’s mean-variance optimization requires a normal return distribution

5It is a well-known phenomenon that mean-variance optimizers occasionally suggest investing a large part of a portfolio
into one or several assets (Jorion, 1985; Michaud, 1998; Zhou, 2008). This solution is obviously neither optimal, nor stable
as even small changes in the inputs would greatly change the answer (Kaplan, 1998). In addition, Michaud (1989) found
that mean-variance optimization procedure magnifies the effect of estimation errors as it overweights securities with large
estimated returns, negative covariances, and small individual variances, while these parameters are very likely to have large
estimation errors, particularly when short sales are allowed. Imposition of maximum weight constraint and restriction of short
sales diminish error maximization effect and prevent a portfolio from gaining extreme weights (Michaud, 1989; Jorion, 1992;
Jagannathan & Ma, 2003). If returns, variance, and covariance estimators were without errors, these constraints would, in
theory, have negative effect. However, it is almost impossible to avoid estimation errors, thus the constraints are frequently
used in practice.
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assumption. Almost any analysis of historical return data will show that the normality assumption is vio-
lated. It is a common misunderstanding that Markowitz’s mean-variance framework relies on joint normality
of security returns (Fabozzi et al. (2007), Esch (2010)). Optimal construction of Markowitz mean-variance
frontier is conditional on (i) Normal return distribution or quadratic utility and (ii) no uncertainty in in-
puts6. Neither is generally true in practice. Markowitz mean-variance optimization can be perceived as a
very useful approximation to expected utility maximization for many utility functions in investment practice
(see Levy and Markowitz (1979); Esch (2010)).

Bekaert et al. (2009) argue that the standard Markowitz analysis based on unconditional historical returns
is problematic when used to analyse emerging markets because of the significant skewness and kurtosis in
these data and the way these moments change over time (see Chua et al. (2009) for a discussion of full-scale
portfolio optimization that takes into account peculiar characteristics of the data such as skewness and
kurtosis and correlation asymmetries in returns of various asset pairs).

Rosenberg (1974) attributes non-normality to the likely existence of mixed normal return distributions.
From a practical point of view, Rosenberg’s insight suggests that within a regime normality works quite well
but overlapping normal regimes result in hiding the approximate normality (within an estimation error) of
historical returns. The notion is that the “mean and variance” do approximate investors’ expectations at
any point of time but that the “returns and variances” vary over time. For our framework, when the investor
is rebalancing his portfolio every d days with the moving estimation window, normal return distribution
assumption is often appropriate for risk-return estimation at a given point of time.

In addition, by allowing investor to construct and hold a portfolio period by period, as shown in Figure (1),
we allow the joint distribution of asset returns to change dynamically over time.

4.1. Location and scatter estimation
In this section we are primarily concerned with estimation of location, µ, and scatter, Σ, appearing in

equations (3) and (4). We consider several new techniques for calculating the covariance matrix of financial
data that captures the correct orientation of the data and the existence of large unconditional variances
that occur in periods of high volatility. We are interested whether these techniques yield efficient frontiers
on which efficient portfolios have higher cumulative returns and more stable weights than those portfolios
derived with the classic mean-variance Markowitz approach.

4.1.1. Classic sample estimates
Suppose r is a T × K matrix of asset returns, with rt,k being a return on day t for asset k. We then

define:

µ̂Sample =
1

T

T∑
t=1

rt (8)

and

Σ̂Sample =
1

T − 1

T∑
t=1

(rt − µ̂)
T

(rt − µ̂) (9)

If these estimates are used as inputs to (3) and (4), the solution, w, will be highly susceptible to outliers
in the data used for estimation. To partially mitigate this problem, one can use trimmed data to estimate
(8) and (9) above. We, however, turn to more elaborate methods outlined below.

6When inputs are unknown we must account for estimation error.
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4.1.2. Shrinkage estimator
As a representative of this class of estimators we use Ledoit and Wolf (2003) market shrinkage estimator.

The underlying assumption is that return on asset k at date t is generated by the single index market model7:

rt,k = αk + βkrt,M + εt,k (10)

where rt,M is the returns on the market index8 at date t, and εt,k is a residual term uncorrelated with
rt,M . Then the covariance matrix estimator, F , will be given by:

F = s2mBB
T +D (11)

where B is the vector of β’s estimated from (10), s2m is the sample variance of rM , and D is a diagonal
matrix with sample variances of the residuals.

The optimal shrinkage estimator is a weighted average of the sample covariance matrix and the market
model based estimator:

Σ̂ShrinkMarket =
λ

T
F +

(
1− λ

T

)
Σ̂sample (12)

where λ is a parameter that determines the shrinkage intensity.

4.1.3. Minimum volume ellipsoid estimator
A method of approximation of minimum volume ellipsoid (MVE) is a high breakdown robust estimator

of multivariate location and scale. It was first proposed by Rousseeuw (1985) as a way of handling outliers
in data. The MVE is defined as the ellipsoid that covers h points in a data set such that the volume of the
ellipsoid is the minimum over all possible subsets of size h. As such, one could think of the MVE as a type
of robust estimator where approximately h/n of the data are covered by the ellipsoid and the remaining
data are outside of it. The MVE is defined as the ellipsoid given by:

(x− µMVE)
T

Σ−1MVE (x− µ) = p (13)

where µMVE =
∑h
i=1 wix

∗
i and ΣMVE =

∑h
i=1 wi (x∗i − µMVE) (x∗i − µMVE)

T are location vector and
scatter matrix respectively, p is the dimension of the data, x∗i is a column vector denoting the i-th observation
in the subset of h points, wi is the weight for the i-th observation, and h =

⌊
(n+p+1)

2

⌋
.

4.1.4. HAC estimator
We use Andrews and Monahan (1992)’s heteroskedasticity and autocorrelation consistent (HAC) covari-

ance matrix estimator with prewhitened QS kernel as our estimate of the variance-covariance matrix, Σ̂HAC .
We also use trimmed data to estimate the location vector, µ̂. We did not find any reference where HAC
estimator was used as an input to the Markowitz optimization problem. We are, therefore, curious how this
estimator performs.

4.2. Measuring Portfolio Performance
As a measure of performance of the estimation methods described in Section 4.1, we use portfolio weights

obtained based on the data contained in the estimation window and apply these weights to security returns
in the holding period to obtain the return series for the portfolios under evaluation. Event though our
optimization algorithm in (3) relies on location and scatter inputs only it is not readily evident how different
estimation methods affect the distribution of resulted portfolios in out-of-sample performance. For example,

7Ledoit and Wolf (2003) in their empirical investigation show that this estimator outperforms many factor models.
8In our estimation we use S&P500 index as our market proxy.
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Table 2: Performance summary

2004-2006 2007-2009
Mean SD Sharpe Turnover Mean SD Sharpe Turnover

S&P500 7.10% 10.23% 0.40 -8.90% 29.89% -0.33
BRK 5.98% 12.61% 0.24 -2.43% 32.32% -0.11

GMV portfolios
Sample 7.80% 8.00% 0.60 0.42 -15.80% 15.23% -1.10 0.45
MVE 13.05% 9.70% 1.04 0.23 -16.03% 18.33% -0.93 0.27
Shrink 8.45% 8.00% 0.68 0.30 -16.37% 15.44% -1.13 0.31
HAC 6.87% 8.78% 0.44 0.61 -15.11% 17.80% -0.91 0.43
ShrinkMarket 7.33% 7.76% 0.56 0.22 -13.13% 15.20% -0.93 0.35

Tangency portfolios
Sample 19.06% 20.20% 0.80 0.79 -20.38% 25.39% -0.84 0.84
MVE 16.42% 12.57% 1.07 0.63 -22.17% 26.09% -0.89 0.67
Shrink 20.64% 17.89% 0.99 0.64 -18.59% 27.30% -0.72 0.66
HAC 19.75% 19.42% 0.86 0.73 -20.35% 25.97% -0.82 0.76
ShrinkMarket 20.61% 18.11% 0.97 0.65 -25.10% 26.55% -0.98 0.72

Mean and standard deviations are based on sample estimates. Turnover ratio is defined as the dollar
amount bought (or sold) devided by the total dollar value of the portfolio. Mean, standard deviation and
turnover ratio are anualized.

(fat) tails contain vital information about risk, for which variance is a poor proxy. Thus we use more general
portfolio performance measures in addition to mean-variance measures, focusing on either the left tail of the
return distribution (e.g. VaR) or the entire distribution (e.g. stochastic dominance and Omega) accounting
for higher moments of the distribution and extreme observations.

4.2.1. Sharpe ratio
We analyze Sharpe ratio statistics for each holding period for both tangency and GMV portfolio. To

test the null hypothesis of zero difference of two Sharpe ratios we adopt methodology of Ledoit and Wolf
(2008), using studentized time series bootstrap confidence interval for the difference of the Sharpe ratios.

Si =
µi
σi

(14)

4.2.2. VaR
We use a Monte Carlo simulation technique and Extreme Value Theory (EVT) to model the risk for

the portfolios. Using an asymmetric GARCH-GJR model by Glosten et al. (1993) we extract the filtered
residuals from each portfolio return series to construct the sample marginal cumulative distribution function
(CDF) of each of the portfolios. We use a Gaussian kernel estimate for the interior and a generalized Pareto
distribution (GPD) estimate for the upper and lower tails. We assesses the Value-at-Risk (VaR) of the
portfolios over a one month horizon. Results are presented in Table 3.

4.2.3. Omega
The Omega ratio, first introduced by Keating and Shadwick (2002) and Cascon et al. (2003), is a new

performance measure that aims to surpass the known drawbacks of the Sharpe ratio, which relies only on
the mean and the variance of the distribution of returns (see eq.14). Instead, Omega ratio takes into account
the entire return distribution while requiring no parametric assumption on the distribution. The returns
both below and above a given loss threshold, θ, are considered. It is defined as a probability weighted ratio
of gains and losses relative to threshold θ and is represented as follows:

Ωx (θ) =

´ b
θ

(1− F (x)) dx´ θ
a
F (x) dx

, (15)

where F (.) is the cumulative distribution function of the asset return x defined on the interval (a, b) with
respect to the probability distribution P. In our performance measurement in Figure 3 we rank portfolios
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Figure 3: Omega ratios.
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using Omega ratio defined in (15) with a range of θ ∈ [−0.85; 0.85] instead of presenting the ration for a
single value of θ.9 At any given threshold, θ, the investor should always prefer the portfolio with the highest
value of Omega. To the best of our knowledge there is no statistical test developed to test the significance
of the difference between the two Omega ratios.

4.2.4. Stochastic Dominance
On one hand, Sharpe ratio provides a decision rule based on mean and variance and is consistent with

expected utility for investors with quadratic utility functions. On the other hand, stochastic dominance
(SD) offers decision rule that can be applied to a much broader set of utility functions. By taking the whole
distribution into account, this measure of portfolio performance10 is more appropriate in situations where
fat-tailed or skewed return distributions are evaluated. Depending on the restrictions placed on the utility
function, one can formulate different SD orders. First-order SD (FSD) requires that investors prefer higher
returns to lower returns (non-satiation). Second-order SD (SSD) also requires risk aversion (diminishing
marginal utility). Third-order SD (TSD) requires decreasing absolute risk aversion (DARA). It should be
noted that higher orders of SD are subsets of the lower order sets. We perform FSD and SSD tests only,
since we are not interested in the case of TSD only where risk aversion does not necessarily hold.

Let fk (x) and Fk (x) denote probability density function (pdf) and cumulative distribution function (CDF)
respectively of returns for some portfolio k. Define D(0)

k (x) = fk (x) and the s-th order CDFs by D(s)
k (x) =´ x

−∞D
(s−1)
k (t) dt for s > 0. We say that A dominates B by s-order stochastic dominance, that is A �s B,

if and only if D(s)
A (x) ≤ D(s)

B (x) for all x with strict inequality for some x. We are interested in testing the
following:

H0s : D
(s)
A (x) ≤ D(s)

B (x) for all x, (16)

H1s : D
(s)
A (x) > D

(s)
B (x) for somex (17)

and

9For detailed discussion on the choice of the threshold for Omega ratio for standard buy-and-hold strategy we refer to
Bertrand and Prigent (2011).

10Stochastic dominance efficiency can be used both as an objective in optimization framework for portfolio selection or as a
measure of performance of when comparing (returns of) two arbitrary assets. In this paper we only analyse the later.
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Figure 4: Stochastic Dominance efficiency test results.

H
′

0s : D
(s)
B (x) ≤ D(s)

A (x) for all x, (18)

H
′

1s : D
(s)
B (x) > D

(s)
A (x) for somex. (19)

If we fail to reject both H0s and H
′

0s, that is distribution is not rejected as being the same, we conclude
that there is no s-order dominance relationship between A and B. H1s and H

′

1s simply state that the
relationship fails at some point.

We employ a test for stochastic dominance developed by Linton et al. (2005) to evaluate stochastic dom-
inance relationship of first and second order between portfolios resulted based on weights obtained using
estimation techniques in Section (4.1). Linton et al. (2005) was one of the first to offer a test to relax the
i.i.d. assumption, thus this test can be applied to serially correlated and heteroskedastic data. We do not
impose any specific distribution and, instead, simulate from the empirical distribution in order to retain the
inherited time dependency of our data. We use block bootstrapping procedure in which a 250 day block is
repeatedly randomly selected from the data.

The test statistic used is as follows:

LMW (s) (k) = max
l:k 6=l

sup
x∈χ

√
N
[
D̂

(s)
k (x)− D̂(s)

l (x)
]
for s > 0 (20)

where D̂(1)
k (x) = F̂kN (x) = 1

N

∑N
i=1 1 (Xki ≤ x) and D̂

(s)
k (x) =

´ x
−∞ D̂

(s−1)
k (t) dt for s ≥ 2, and N is

sample size.

Since the asymptotic null distribution of statistic in (20) is non-standard, Linton et al. (2005) suggested
using bootstrap simulations to compute the empirical p-values. We use a sub-sampling bootstrap procedure
in which blocks of data are sampled without replacement to estimate the distribution of the test statistic.
By sampling blocks of observations the procedure allows for data dependance. The sub-sampling method
requires computing (N − b+ 1) times the following test statistic for sub-sample of size b:

LMWj
(s) (k) = max

l:k 6=l
sup
x∈χ

√
b
[
D̂

(s)
k (x)− D̂(s)

l (x)
]
for s > 0 and j = 1, 2, ..., N − b+ 1. (21)
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Table 3: Simulated VaR

January 2007 (one month ahead)b January 2010 (one month ahead)b

Max simulated Simulated VaR Max simulated Simulated VaR

Portfolio Loss Gain 90% 95% 99% Loss Gain 90% 95% 99%

S&P500 15.81% 8.17% -2.79% -3.99% -6.93% 36.15% 11.41% -5.01% -7.02% -14.21%
BRK 15.22% 13.89% -4.21% -5.53% -9.97% 24.55% 34.86% -4.72% -6.29% -10.63%

Tangency portfolios
Sample 26.16% 13.15% -3.00% -4.96% -9.75% 27.94% 12.03% -3.93% -5.44% -8.98%
MVE 15.40% 11.47% -2.65% -4.54% -7.96% 11.09% 3.59% -1.95% -2.58% -4.43%
Shrink 19.83% 12.82% -3.39% -5.44% -10.89% 24.23% 10.59% -3.38% -4.61% -7.90%
HAC 23.29% 13.95% -3.93% -6.45% -11.19% 12.92% 3.89% -3.54% -4.39% -6.55%
ShrinkMarket 18.31% 14.21% -3.09% -5.11% -10.11% 11.77% 3.96% -2.84% -3.74% -5.53%

GMV portfolios
Sample 9.07% 8.61% -1.52% -2.44% -4.63% 15.80% 4.29% -2.21% -3.08% -4.92%
MVE 11.95% 10.71% -2.49% -3.80% -6.25% 12.36% 3.06% -1.94% -2.57% -4.43%
Shrink 8.84% 10.68% -1.63% -2.54% -4.75% 16.43% 4.52% -2.25% -3.13% -5.21%
HAC 9.26% 8.25% -2.30% -3.35% -5.27% 11.74% 5.38% -2.61% -3.44% -6.10%
ShrinkMarket 8.26% 8.12% -1.65% -2.53% -4.61% 14.54% 3.92% -1.73% -2.58% -4.69%

We use a Monte Carlo simulation technique and Extreme Value Theory (EVT) to model the risk for the portfolios in
this table. Using an asymmetric GARCH-GJR model by Glosten, Jagannathan, & Runkle (1993) we extract the filtered
residuals from each portfolio return series to construct the sample marginal cumulative distribution function (CDF) of
each of the portfolios. We use a Gaussian kernel estimate for the interior and a generalized Pareto distribution (GPD)
estimate for the upper and lower tails. We assesses the Value-at-Risk (VaR) of the portfolios over a one month horizon.

(b)Based on three-year sample.

Following Klaver (2005) and Annaert et al. (2009) we choose sub-sample size b (N) = 10
√
N .

The empirical p-value can then be computed as follows:

p̂(s) (k) =
1

N − b+ 1

N−b+1∑
i=1

1
(
LMWj

(s) (k) > LMW (s) (k)
)
. (22)

We reject the null hypothesis of s-order stochastic dominance at α significance level if p̂(s) (k) < α.
Instead of listing p-values for the hypothesis tests in (16)-(19), we present a schematic table of significant
results in Figure (4).

5. Results

Table 2 shows performance summary for global minimum variance (GMV) and tangency portfolios for
five different estimation methods used to obtain the weights of these portfolios for 2004-2006 and 2007-2009
periods. The 2004-2006 period is rather tranquil and the 2007-2009 period includes the Global Financial
Crisis (GFC). The two periods are selected to contrast the performance of each of the estimation methods in
the “normal” and “highly volatile” states of financial market. The highly volatile period of 2007-2009 is cho-
sen because there is sustained and strong evidence that co-movements among markets increases dramatically
during periods of volatile price changes. We are, therefore, interested whether international diversification is
“worth the trouble”11 and which estimation methods outlined in Section 4.1 result in superior performance
during the “normal” and “volatile” markets. Based on the Sharpe’s measure, MVE methods seems to per-
form best in 2004-2006 for both GMV and tangency portfolios, followed by simple shrinkage estimator where
structured scatter matrix is taken to be a unit sphere. Optimal weights obtained based on HAC estimator
of the covariance matrix proved to be the worst in terms of risk adjusted returns for GMV portfolio in 2004-
2006, while for tangency portfolio, the worst estimator is the one based on sample covariance. Results for

11Perhaps industry or sector diversification within the national market is worth considering during the volatile periods. This
aspect still needs to be investigated.
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Figure 5: Distribution of GMV and Tangency portfolio weights by geographical regions through time.

2007-2009 are mixed. For the GMV portfolio, the highest risk adjusted returns are obtained based on MVE
and market shrinkage estimators, while for the tangency portfolio, simple shrinkage estimator outperformed
any others in this horse race.

Table 3 presents Value at Risk (VaR) estimates for the two selected periods with a one month ahead fore-
cast12 for GMV and tangency portfolios using five different estimation methods to obtain optimal weights.
MVE based results show the highest VaRs for 90%, 95% and 99% for tangency portfolio among the five
methods in both “normal” and “highly volatile” market conditions. For the GMV portfolios, MVE was the
worst estimator to use in the “normal” state” but the best in “highly volatile” state. HAC resulted in the
worst performance for tangency portfolios in the “normal” period while for the same tangency portfolios
sample estimates performed the worst during GFC period.

We we unable to rank tangency portfolios in the 2007-2009 period based on the Omega ratio (see Fig-
ure 3, right panel), however MVE and market shrinkage based estimators showed clear advantage during
the 2004-2006 period for sufficiently low threshold levels, θ(see Figure 3, left panel).

Results of the stochastic dominance test, schematically represented in Figure 4, clearly indicate the dom-
inance of MVE method, while at the same time outlining the dominance of other methods over the HAC
based results, especially in the 2004-2007 period.

12January 2007 forecast is based on the data from the 2004-2006 period and January 2010 forecast is based on the 2007-2009
period
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Figure 6: Distribution of GMV and Tangency portfolio weights by investment type through time.

Based on our finding, we are inclined to adopt only the MVE method and the resulting portfolios con-
structed based on the MVE estimates in our subsequent discussion.

Figure 5 tracks the weights of nine13 geographic regions from 1988 to 2009 in tangency portfolios (top
panel) and global minimum variance portfolios (bottom panel). The figure shows the declining importance
through time of North American assets in the globally diversified portfolio. This trend is much more pro-
nounced for the tangency portfolio. On the other hand the increase of the European and Latin American
stocks is evident. UK equities also showed large proportions in the 1995-2002 period but had substan-
tially declined in the later years and were completely absent 2008-2010 in both the tangency and the GMV
portfolios in those years. Japanese stocks composed large percentages of GMV portfolios in the 1988-2000
years but were gradually replaced by other Asian country’s securities, especially starting from 2001. It is
interesting to note the absence of the Asian securities during 1997-2001 in tangency portfolios and their
declined proportion (even non existent in 1997-1998) in global minimum variance portfolios consistent with
the Asian financial crisis in 1997.

Figure 6 shows the distribution of the tangency (top panel) and GMV (bottom panel) portfolio weights
by investment type through 1988-2009. Results are similar and show pronounced importance of ADRs

13The nine geographical regions are as follows: 1) US and Canada; 2) Europe excluding UK; 3) UK; 4) Australia and New
Zealand; 5) Asia excluding Japan; 6) Japan; 7) Latin America; 8) Eastern Europe; 9) Others include countries which could not
be classified into the first 8 groups and include Israel, Saudi Arabia.
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Figure 7: Distribution of portfolio weights along the efficient frontier by investment type and geographical region in “normal”
and “crisis” state of financial markets.

through time. On the other hand share of U.S. MNCs, as a proportion of all “international” securities14,
have been declining steadily in global equity portfolios.

Figure 7 shows two efficient portfolio frontiers (top section) with corresponding geographical (middle
section) and investment type (bottom section) breakdowns. For portfolios rebalanced in 2006 we did not
identified any ETFs but rather found that a larger proportion of portfolio is composed of ADRs. For port-
folios rebalanced in 2009, ETFs comprised a significant portion of the portfolio especially for lower values of
portfolio risk.

6. Conclusion

In this paper, we used and compared several robust mean-variance frameworks to study the opportunities
presented to US investors by global stocks and indices between 1988 and 2010. We show, based on several
portfolio performance measures, that the results based on the weights constructed using minimum volume
ellipsoid (MVE) method outperform other estimation methods. We argue that there are four routes US
investors can use to capitalize on the advantages of international diversification. The first route is to invest

14In Figure 6 we exclude domestic U.S. securities, and normalize total portfolio weights consisting of “international” securities
(only ETFs, ADRs and U.S. MNCS) to equal to 100%.
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in foreign economies indirectly, that is, by investing in US multinational corporations with a large presence
abroad. The second method is to invest directly in foreign economies by purchasing Exchange Traded Funds
(ETFs) which are listed on the New York Stock Exchange (NYSE)-Amex and replicate foreign stock indices.
The third, is to invest in foreign company stocks listed on US stock markets as American Depositary Receipts
(ADRs) or as regular stocks on the NYSE-Amex and Nasdaq. The fourth, is to buy the stocks of foreign
firms included in Fortune Magazine’s Global 500 list that trade on stock markets abroad. We analyzed the
first three routes. Our results, based on MVE estimation, indicate that ADRs are becoming increasingly
important in international portfolio diversification and the role of U.S. MNCs, from the point of view of
American investor is declining. The ETFs, on the other hand, add a substantial amount of diversification in
periods of high volatility in financial markets. We find evidence of increased importance of Latin American
and Asian countries in later years and the decline of U.S. securities in internationally diversified portfolios.
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Appendix

Figure 8: Mechanics of empirical distribution function construction: Lower (red) and upper (blue) tails are estimated by fitting
Generalized Pareto distribution (GDP), the middle is estimated using kernel based on a sample).

Figure 9: Empirical distribution functions for GMV portfolio returns compared to benchmarks.

Figure 10: Empirical distribution functions for Tangency portfolio returns compared to benchmarks.
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